A holomorphic mapping H between two real-analytic CR manifolds M and M ′ is said to be locally rigid if any other holomorphic map F : M → M ′ which is close enough to H is obtained by composing H with suitable automorphisms of M and M ′ . With the aim of reducing the local rigidity problem to a linear one, we provide sufficient infinitesimal conditions. Furthermore we study some topological properties of the action of the automorphism group on the space of nondegenerate mappings from M to M ′ .
Introduction
Let M ⊂ C N be a (real-analytic) generic submanifold. We define Aut 0 (M ) to be the group of the germs σ of biholomorphic maps C N → C N , defined around 0, such that σ(0) = 0 and σ(M ) ⊂ M . We denote the Lie algebra of Aut 0 (M ) by hol 0 (M ).
Let now M and M ′ be germs of generic real-analytic CR submanifolds in C N and C N ′ respectively, and let H(M, M ′ ) denote the space of germs of holomorphic mappings which send M into M ′ . The group G = Aut 0 (M ) × Aut 0 (M ′ ), which we call the isotropy group, acts on H(M, M ′ ) via H → σ ′ •H •σ −1 , where (σ, σ ′ ) ∈ G and H ∈ H(M, M ′ ). If we endow all of these sets with their natural (inductive limit) topologies, they become topological spaces and groups, respectively. We are interested in studying the topological properties of this (continuous) group action. More precisely we would like to continue our study of local rigidity of mappings, a notion we introduced in [7] : we say a map H ∈ H(M, M ′ ) is locally rigid if it projects to an isolated point in the quotient H(M, M ′ )/G (for a formal definition, see Definition 4) .
Our aim is to provide linear -and thus easier to compute -sufficient conditions for local rigidity. In order to state a criterion in this direction, we say a holomorphic section V of T 1,0 (C N ′ )| H(C N ) , which vanishes at 0, is an infinitesimal deformation of H ∈ H(M, M ′ ) if Re V is tangent to M ′ along H(M ) (for the formal definition see Definition 11) . We denote the set of infinitesimal deformations of H by hol 0 (H); it forms a real vector space.
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We are particularly interested in sets of mappings satisfying certain generic nondegeneracy conditions introduced in [13] : in Definition 3 below we formally introduce the set of finitely nondegenerate mappings.
We are now going to state our main results, which are built on the approach and techniques of our recent work [7] . In this paper we exploit our method of infinitesimal deformations to study more general situations. The first result is a generalization of Theorem 1 of [7] . Theorem 1. Let M be a germ of a generic minimal real-analytic submanifold through 0 in C N , and M ′ be a germ of a generic real-analytic submanifold in C N ′ . Let H ∈ H(M, M ′ ) be a germ of a finitely nondegenerate map satisfying dim R hol 0 (H) = 0. Then H is an isolated point in H(M, M ′ ), and in particular, H is locally rigid.
In the next result we are going to relax the assumption dim R hol 0 (H) = 0. In order to do so we will restrict to the case when M ⊂ C N and M ′ ⊂ C N ′ are strictly pseudoconvex hypersurfaces, so that M and M ′ have CR dimension n = N −1 and n ′ = N ′ −1 respectively. Moreover, since the embeddings of spheres have been studied extensively [6, [8] [9] [10] [11] [14] [15] [16] [17] (see [7] for a more thorough discussion and additional references), we assume that M or M ′ is not biholomorphically equivalent to a sphere.
The following result is a generalization of Theorem 2 of [7] in the setting of strictly pseudoconvex hypersurfaces. 
We note that the assumption of 2-nondegeneracy implies that N ′ ≤ N (N +1) 2 . The outline of the paper is as follows: The proofs of our main results are provided in the very last section 6. Before, we fix notation in section 2 and give a jet parametrization result for finitely nondegenerate maps in section 3. Then, we study infinitesimal deformations in section 4 and deduce some crucial properties of the action of isotropies on the space of maps in section 5.
Preliminaries
This section is devoted to introduce some standard notation. For details and proofs, we refer the reader to e.g. [2] .
For a generic real-analytic CR submanifold M ⊂ C N we denote by n its CR dimension and by d its real codimension so that N = n + d. It is well-known (cf. [2] ) that one can choose normal coordinates
for a suitable germ of holomorphic map Q : C 2n+d → C d satisfying the following equations
we recall that a germ of a mapping H(z, w) ∈ (C{z, w}) N ′ with H(0, 0) = 0, belongs to H(M, M ′ ) if and only if it solves the mapping equation
We endow (C{Z}) N ′ , which we consider as the space of germs at 0 of holomorphic maps from C N to C N ′ , with the natural direct limit topology and consider H(M, M ′ ) ⊂ (C{Z}) N ′ with the induced topology.
We denote by L j andL j , j = 1, . . . , n, a commuting basis of the germs of CR and anti-CR vector fields, respectively, tangent to M. Furthermore it will be convenient to consider the following vector fields, which are also tangent to M:
In the sequel we denote by N = {1, 2, 3, . . .} the set of natural numbers and write N 0 = N ∪ {0}. The notion of nondegeneracy we are interested in was introduced in [13] . For our purposes we will also need a slightly weaker one:
We define the open set F k ⊂ H(M, M ′ ) as the set of maps H for which there exists a sequence of multiindices (ι 1 , . . . , ι N ′ ) with k = max 1≤m≤N ′ |ι m | and integers ℓ 1 , . . . , ℓ N ′ as above such that s(0) = 0. We will say that H with
Note that the definition of both F k 0 and the space of k 0 -nondegenerate maps are independent of the choice of coordinates (see [13, Lemma 14] ), hence these spaces are invariant under the action of G. Also notice that in the setup of Theorem 2 the space of 2-nondegenerate maps coincides with the set F 2 .
Our first main goal in this paper is to study the following property:
Definition 4. Let M and M ′ be germs of submanifolds in C N (resp. C N ′ ) around 0, and let H be a mapping of M into M ′ . We say that H is locally rigid if H projects to an isolated point in the quotient H(M, M ′ ) G of the space H(M, M ′ ) of holomorphic mappings from M to M ′ with respect to the group of isotropies G. [7] ).
Jet parametrization
In order to prove our main theorems we will show that in an appropriate sense, the infinitesimal deformations can be considered as a tangent space, by deducing a jet parametrization result for maps in F k based on the work in [3, 12, 13] . First we will introduce some notation.
Let H : C N → C N ′ be a germ of a holomorphic map and let k be an integer. We denote by j k 0 H the k-jet of H at 0, that is the collection of all derivatives of order ≤ k of the components of H at 0. The space of all k-jets at 0 will be denoted by J k 0 (we drop the dependence on N and N ′ , which will remain fixed, for better readability). We denote by Λ coordinates in J k 0 and write
We can identify k-th order jets with polynomial maps of degree at most k (taking C N into C N ′ ) and will do so freely in the sequel. In particular, the composition of a jet with a jet is defined, as well as the composition of jets with other maps, provided that the source and target dimensions allow it.
We also need to recall the definition of certain subsets of C N , commonly referred to as the Segre sets. In order to do so we need to introduce some notation. For any j ∈ N let (x 1 , . . . , x j ) (x ℓ ∈ C n ) be coordinates for C nj . The Segre map of order q ∈ N is the map S q 0 : C nq → C N inductively defined as follows:
where we denote by S is generically of full rank if j is large enough. We recall that a germ of a CR submanifold M ⊂ C N is called minimal at p ∈ M if there is no germ of a CR submanifoldM M of C N through p having the same CR dimension as M at p. Theorem 6. Let M ⊂ C N be the germ of a real-analytic, generic minimal submanifold, 0 ∈ M , and let M ′ ⊂ C N ′ be a real-analytic generic submanifold germ. Let k 0 ∈ N and t ≤ d+1 be the minimum integer, such that the Segre map S t 0 of order t associated to M is generically of full rank. First suppose that t is even. There exists a finite collection of polynomials
0 , where U j = {q j = 0} and holomorphic maps Φ j : U j → C N ′ satisfying Φ j (0, Λ) = 0, which are of the form
such that the following holds:
• For every H ∈ F k 0 , in particular for every k 0 -nondegenerate map H, there exists j ∈ J such that j
Analogous statements hold for t odd, where in this case all p α j and q j in the expansion of Φ j in (4) depend antiholomorphic on Λ.
The proof of Theorem 6 will be split up into several lemmas. We define K(t) = |{α ∈ N N 0 : |α| ≤ t}|. 
for (Z, ζ) in a neighborhood of 0 in M, where ∂ k 0 denotes the collection of all derivatives up to order k 0 . Furthermore there exist polynomials P α,β , Q and integers e α,β such that
In Lemma 7 the statement up until (6) is a reformulation of Prop. 25 in [13] . The expansion in (7) follows from the way the implicit function theorem is applied in the proof of Prop. 25, in a similar fashion as in [3, 12] .
From now on all the jet parametrization mappings that will appear in the following lemmas will depend on the multiindices and integers fixed in Lemma 7. For the sake of readability we will omit to write this dependence explicitly. (2) and s(0) = 0, where s is given as in (3), we have
Lemma 8. Under the assumptions of Lemma 7 the following holds: For all ℓ ∈ N there exists a holomorphic mapping
for (Z, ζ) in a neighborhood of 0 in M, where ∂ ℓ denotes the collection of all derivatives up to order ℓ. Furthermore there exist polynomials P ℓ α,β , Q ℓ and integers e ℓ α,β such that
Lemma 8 follows by differentiating (6) along the vector fields S and T introduced above, see Cor. 26 of [13] .
The next step is to evaluate (6) along the Segre sets.
Corollary 9.
Under the assumptions of Lemma 7 the following holds: For fixed q ∈ N there exists a holomorphic mapping ϕ q :
and s(0) = 0, where s is given as in (3), we have
Furthermore there exist (holomorphic) polynomials R q γ , S q and integers m q γ such that
Proof. Fix q ∈ N. We begin by putting Z = S q 0 (x [1;q] ) and ζ =S q−1 0 (x [2;q] ), so that (Z, ζ) ∈ M, in the identity (6), in order to obtain
This equation means that one can determine the value of any solution of (2), at least along (8):
By substituting (13) for ℓ = k 0 into (12), we get that the values of H along S . Iterating this argument q times we prove (10) . To show (11) we use (7) and (9) at every step; the desired expansion follows by a (cumbersome but) straightforward computation. In particular one derives that j qk 0 0 H ∈ {S q = 0}, whenever s(0) = 0. For more details see [3, 12] Proof of Theorem 6. By the choice of t ≤ d+ 1, the Segre map S t 0 is generically of maximal rank, and we can therefore define the finite number ν(S t 0 ) as the minimum order of vanishing of minor of maximal size of the Jacobian of S t 0 . We can thus appeal to Theorem 5 from [12] and obtain that there exist a neighborhood V of S t 0 in (C{x [1;t] }) N and a holomorphic map
such that φ(A, h • A) = h for all A ∈ V with ν(A) = ν(S t 0 ), and for all h ∈ C{Z}. Now, define J as the set of all the sequences of multiindices (ι 1 , . . . , ι N ′ ) and integers ℓ 1 , . . . , ℓ N ′ as in Lemma 7 with k 0 = max 1≤m≤N ′ |ι m |. For any j ∈ J, Corollary 9 with q = t provides the existence of a map ϕ t = ϕ t,j satisfying (10). We set Φ j (·, Λ) = φ(S t 0 , ϕ t,j (·, Λ)) so that by the properties of ϕ t,j and φ the map Φ j depends holomorphically on Λ = j t 0 H (orΛ, respectively, if j is odd). By setting q j (Λ,Λ) = S t,j (Λ), where S t,j is given in (11), a direct computation using (11) and Thm. 5 in [12] (more precisely (42) of Thm. 6 of [12] ), allows to derive the expansion in (4).
It follows from Corollary 9 and Thm. 5 in [12] that H(Z) = Φ j (Z, j tk 0 0 H) whenever H is a solution of (2) and s(0) = 0, where s is given as in (3) with the sequence of multiindices corresponding to j. In particular if H is k 0 -nondegenerate by definition there exists j ∈ J such that s(0) = 0, which by the arguments above is equivalent to the condition j tk 0 0 H ∈ U j . Finally, the remaining statement can be proved by setting H(Z) = Φ j (Z, Λ) in (2) and expanding it as a power series in (z, χ, τ ): the coefficients of this power series depend polynomially on Λ, Λ, so that the defining equations (5) can be obtained by setting all the coefficients to 0.
Infinitesimal deformations
In the following we refer to the notation of Theorem 6. For any j ∈ J let A j ⊂ U j be the real-analytic set defined as (14) A j = {Λ ∈ U j : c j k (Λ, Λ) = 0, k ∈ N}. By Theorem 6 putting A := j A j we have j tk 0 0 (F k 0 ) = A; in particular A contains the set of tk 0 -jets of all k 0 -nondegenerate mappings of M into M ′ . In fact we can say more:
This result is proved exactly as Lemma 19 in [7] as a direct consequence of Theorem 6. For each j ∈ J the restriction of Φ j to U j ∩ (C N × A j ) gives rise to a map
from A j to the space (C{Z}) N ′ . Let X ⊂ A j be any regular (real-analytic) submanifold, and fix Λ 0 ∈ X. In what follows we focus on Φ j | X . Note that if we restrict to a small enough neighborhood of Λ 0 in X (which we again denote by X) the maps Φ j (Λ) for all Λ ∈ X all have a common radius of convergence R, so that we can consider the restriction of Φ j to X as a map valued in the Banach space Hol(B R (0), C N ′ ), the space of holomorphic mappings from B R (0) to C N ′ , which are continuous up to B R (0), where B R (0) denotes the ball with radius R > 0 in C N .
We also remark that the map Φ j : X → (C{Z}) N ′ is of class C ∞ . We consider its Fréchet derivative DΦ j (Λ 0 ) at Λ 0 as a map
We will need a special subspace of T Φ j (Λ 0 ) (C{Z}) N ′ . The following definition, already stated in Section 1, was first given in [5] , see also [7] .
Definition 11. Let M and M ′ be as above and
i.e. if for one (and hence every) defining function
We denote this subspace of T H (C{Z}) N ′ by hol 0 (H).
With the same proof as in [7] we derive the following property, which motivates the definition above:
The next lemmas give some properties of infinitesimal deformations that will be needed in section 6 to give the proofs our main theorems. The first lemma comes from the jet parametrization for solutions of (15) obtained in section 5 in [7] . Its proof is precisely the one of Cor. 32 in [7] using Prop. 29 instead of Prop. 31 and keeping Q fixed.
Lemma 13. Fix M and M ′ given as above. For any H ∈ F k 0 , the dimension dim R (hol 0 (H)) of the space of infinitesimal deformations of H is finite. Moreover, the function dim R (hol 0 (·)) :
The following lemma follows from Theorem 6, Lemma 12 and Lemma 13 with the same proof as Lemma 23 in [7] .
Properties of the group action
In this section we deduce some results which will be used to prove Theorem 2. Thus we consider strictly pseudoconvex hypersurfaces M ⊂ C N and M ′ ⊂ C N ′ . In the coordinates introduced in section 2 this means that the CR-dimension of M and M ′ are equal to n = N − 1 and n ′ = N ′ − 1 respectively (and d = d ′ = 1).
More specifically we are interested in describing some properties of the action of the isotropy group on 2-nondegenerate embeddings, or more precisely on the set of their 4-jets (which by Theorem 6 parametrize F 2 ). To this end we first give a brief description of the isotropy groups of the spheres
is a diffeomorphism between Γ n and Aut 0 (H n+1 ): here we denote by ·, · the product on C n given by z, z = n j=1 z j z j and we write z 2 = z, z . The first property we are going to study is properness: we remind the reader that the action of a topological group G on a space X is said to be proper if the map G ×X → X ×X given by (g, x) → (x, gx) is proper.
We will actually prove properness of the action on a particular subset of J 4 0 : let E be the subset of J 4 0 defined by
One can verify in a straightforward manner the following properties of E:
• E is a (real algebraic) submanifold of J 4 0 .
contains the 4-th jet of any non-constant map from M to M ′ .
• E is invariant under the action of Aut 0 (H N ) × Aut 0 (H N ′ ), cf. Lemma 14 in [7] .
Proof. The proof follows closely the one of [7, Lemma 15] . With the same argument as there using the compactness of Aut 0 (M ), which follows from the assumption that M ∼ = H N (see [4] ), we can reduce to showing the following: let C > 1, and
m admits a convergent subsequence. Using the parametrization (16) , this amounts to showing that the preimage {γ
Looking at the N ′ -th component of the first jet of (17), we get
N ′ , and hence λ ′ m and 1/λ ′ m are bounded. Considering the first N ′ − 1 components of the first jet of (17) we obtain
Finally, we consider the N ′ -th component of the second jet of (17), which gives us
where R m is a polynomial expression in the second jet of Λ m , in λ ′ m and in the coefficients of c ′ m and U ′ m (but which does not depend on r ′ m ). This shows that the sequence r ′ m is bounded in R, and concludes the proof.
Next, we consider the case M = H N and M ′ ∼ = H N ′ . The proof is quite similar to the previous one, but does not really reduce to it.
Lemma 16. The action of Aut
Proof. By the compactness of Aut 0 (M ′ ) as in the previous lemma it is enough to show the following: let C > 1, and let 
so that by the estimate on (Λ m ) 0,1
which implies the boundedness of c m in C N −1 . Finally, we consider the N ′ -th component of the second jet of (18), which gives the equation
where R m is a polynomial expression in the second jet of Λ m and in λ m , c m , U m , not depending on r m . This implies that the sequence r m is bounded in R, and concludes the proof.
Next we are going to prove the freeness of the action of the isotropy group of the target manifold. In order to do so, we first introduce for any fixed map H, in a way similar to Lemma 17 in [7] , coordinates such that
• the map H is of the form (z, F (z, w), w) for a certain germ of holomorphic function 
since for every α there exists exactly one j α , such that Λ Let Λ be as in the assumptions and σ ′ ∈ G ′ in the stabilizer of Λ, that is
Let σ ′ be parametrized by γ ′ = (λ ′ , r ′ , U ′ , c ′ ) ∈ Γ ′ . We will show that σ ′ = id by following similar computations analogous to the ones in Lemma 15. Looking at the N ′ -th component of the first jet of (19) we see that (λ ′ ) 2 = 1, hence λ ′ = 1 since λ ′ ∈ R + .
Considering the first N ′ − 1 components of the first jet of (19), we get U ′ Λ ′1,0 = Λ ′1,0 , hence U ′ is a block diagonal matrix with first block being I N −1 and the second block a ℓ × ℓ unitary matrix U ′′ . Furthermore, we obtain 
Proofs of the main results
In this section we are going to prove Theorems 1 and 2.
Theorem 18. Let M, M ′ be as in Theorem 6, let A be defined as in (14) , Λ 0 ∈ A, and let j ∈ J be such that Λ 0 ∈ A j . Suppose that dim R hol 0 (Φ j (Λ 0 )) = 0, then Φ j (Λ 0 ) is isolated in F k 0 .
Proof. By Lemma 14, there is a neighborhood U of Λ 0 in J tk 0 0 such that U ∩ A j does not contain any manifold of positive dimension. It follows that U ∩ A j is a discrete set: by Lemma 10 we have that Φ j (Λ 0 ) is in turn isolated in F k 0 . Now we have all the ingredients to give a proof of Theorem 1:
Proof of Theorem 1. Let H be a finitely nondegenerate map. Then there exists an integer k 0 such that H ∈ F k 0 (see Definition 3). Set Λ 0 = j tk 0 0 H, then there exists j ∈ J, such that Λ 0 ∈ A j and H = Φ j (Λ 0 ). By Theorem 18 H is isolated in F k 0 , but since F k 0 is an open set of H(M, M ′ ) (see again Definition 3), it follows that H is isolated in H(M, M ′ ). In particular H is locally rigid by Remark 5.
Let us now turn to Theorem 2. In the setting the jet space in Theorem 6 can be taken to be J 4 0 , since k 0 = 2 and t = 2. The proof of Theorem 2 follows from the theorem below in a similar way as Theorem 1 from Theorem 18.
Theorem 19. Let M, M ′ be as in Theorem 2 and let A ⊂ J 4 0 be defined as in (14) , and let Λ 0 ∈ A. Let j ∈ J be such that Λ 0 ∈ A j and dim R hol 0 (Φ j (Λ 0 )) = dim R hol 0 (M ′ ) = ℓ. Then Φ j (Λ 0 ) is locally rigid.
Proof. The result can be proved using the properness and freeness of the action of isotropies according to the Lemmas 15, 16 and 17. This allows to employ the local slice theorem for free and proper actions and the conclusion can be obtained by arguing exactly as in the proof of Theorem 25 in [7] .
